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The Comment by Xiong et al. (arXiv:1610.06275) criticizing my Letter [Phys. Rev. Lett. 116,
133903 (2016)] was rejected by Physical Review Letters. In this Reply, I show that all their claims
are wrong.
Xiong et al. posted a Comment [1] that was rejected by
Physical Review Letters. They dispute the conclusions of
my Letter [2]. They make three claims: (i) the winding
number, calculated using Berry phase, is not 1/2, (ii) the
real spectrum of an open chain is a finite-size effect, and
(iii) the breakdown of the bulk-boundary correspondence
is not due to the defectiveness of the Hamiltonian. In this
Reply, I show that they are wrong on every point.
I. WINDING NUMBER
In my Letter [2], I said that the winding number has
a fractional value of 1/2 because k must sweep through
4pi in order for (〈σx〉, 〈σz〉) to make one complete loop
around the origin. Xiong et al. claim that according to
the Berry phase, the winding number is not 1/2. Here,
I show that the Berry phase does in fact verify that the
winding number is 1/2.
Consider the momentum-space Hamiltonian Hk given
in Eq. (1) of the Letter [2]. When Hk encircles an excep-
tional point, one needs to be careful when calculating the
winding number, since the eigenvectors are 4pi-periodic in
k. The proper expression for the winding number in this
case is
w =
1
2pi
γB , (1)
where γB is the Berry phase when k increases by 4pi:
γB = i
∫ 4pi
0
dk
〈〈u|∂k|u〉
〈〈u|u〉 , (2)
where |u〉〉 and |u〉 are left and right eigenvectors of Hk.
It is important to integrate over 4pi in k so that the eigen-
vectors return to their original values (see below). To ac-
count for this, there is a factor of 1/2 in Eq. (1) because
the Brillouin zone is swept through twice.
In Ref. [3], it was shown analytically that γB = pi
when Hk circles an exceptional point. Thus, the winding
number is w = 1/2. In other words, one must sweep
through the Brillouin zone twice in order to pick up a
Berry phase of pi.
Xiong et al. used an unphysical expression for the
winding number:
w =
1
pi
γ˜B , (3)
where γ˜B is the Berry phase when k increases by 2pi:
γ˜B = i
∫ 2pi
0
dk
〈〈u|∂k|u〉
〈〈u|u〉 . (4)
It is well known that a Berry phase is physically meaning-
ful only if the eigenvector makes a closed loop during the
integration; otherwise, the Berry phase will be gauge de-
pendent. When circling an exceptional point, the eigen-
vectors are 4pi-periodic in k. Since Xiong et al. in Eq. (4)
integrated over only 2pi in k, it is no surprise that they
find a gauge-dependent Berry phase and winding num-
ber. To get physically meaningful results, one needs to
integrate over 4pi in k so that the eigenvectors make a
closed loop. That is what I did in Eq. (2).
Xiong et al.’s argument about the “demo model” is
nonsense. Their Eq. (A6) is wrong and should be re-
placed with Eqs. (1) and (2) (using the usual inner prod-
uct). If one decides to double the Brillouin zone to 4pi,
one should integrate over 4pi in k. Furthermore, A = 2
since the Brillouin zone is swept through twice. Then
one finds a winding number of 1, as expected. The im-
portant point is: for Hermitian systems, Eqs. (1) and
(3) give the same result, but when an exceptional point
is involved, one needs to use Eq. (1) to get physically
meaningful results.
II. REAL SPECTRUM
In my Letter [2], I said that a chain with open bound-
ary conditions has real eigenvalues for |v| ≥ γ/2. Xiong
et al. claim that this is a finite-size effect [1]. As ev-
idence, they present their Fig. 1(e), which supposedly
shows complex eigenvalues for large N . However, their
result is an artifact due to flawed numerics.
As discussed in my Letter [2], the Hamiltonian H has
two symmetries: chiral symmetry and PT symmetry.
Due to chiral symmetry, if E is an eigenvalue of H, −E
is also an eigenvalue. Due to PT symmetry, if E is an
eigenvalue of H, E∗ is also an eigenvalue. As a result,
when the eigenvalues are plotted in the complex plane,
they should be symmetric around both the real and imag-
inary axes. This is a simple sanity check.
The eigenvalues calculated by Xiong et al. in their
Fig. 1(e) do not obey these symmetries [1]: their eigen-
values are not symmetric around the real or imaginary
axes. Thus, their calculation is flawed, and their obser-
vation of complex eigenvalues is nonsense. I do not know
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FIG. 1. Eigenvalues for chains with open boundary condi-
tions and different sizes N . The parameters are the same as
Fig. 1(e) of Ref. [1]: γ = 1, r = 0.5, v = 0.52.
how they screwed up, but when I (correctly) calculate
the eigenvalues, the eigenvalues are purely real, even for
large N . The correct eigenvalues are shown in Fig. 1.
III. DEFECTIVENESS
In my Letter [2], I said that the bulk-boundary cor-
respondence is broken because H is defective, such that
there is only one E = 0 edge state, as opposed to the
even number of edge states found in typical topological
insulators. Xiong et al. claim that the breakdown of the
bulk-boundary correspondence is not due to the defec-
tiveness of H [1]. But my Letter showed analytically
that the E = 0 eigenvalue is defective, leading to only
one E = 0 edge state. This by itself shows the break-
down of the bulk-boundary correspondence.
Xiong et al. claim that the breakdown is instead due to
the “bulk” (in-gap) states being localized on the edge [1].
But the in-gap states are localized on the edge precisely
because H is defective. As mentioned in the Letter, when
v = γ/2, the eigenvalues at E = ±r (corresponding to
in-gap states) are highly defective [2]. One can show
analytically that the corresponding eigenvectors are
(±1 + iγ
r
,±i+ γ
r
, i, 1, 0, 0, . . .)T , (5)
so all the in-gap states are localized on the left edge.
What is amusing is that even if Xiong et al. are right
about the in-gap states, the breakdown is still due to the
defectiveness of H.
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